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ASJ RTN-Model 2013[9]

1

 

 

 

A LWA [dB]  

A 10logWL a b V C= + +  (1.2.1) 

V  [km/h] a b

LWA

C 0 V=80

4 a=46.4 b=30

LWA=103.5  

1/3

50 Hz 5 kHz

i fc, i [Hz] LW(fc, i) [dB]  

( )
2

,
, 1020log 1

2500
c i

W c i

f
L fΔ = − +  (1.2.2) 

fc, i A LA(fc, i) [dB][11] 1.2.1  

 

1.2.1 A  

fc, i LWA(fc, i) fc, i LWA(fc, i) fc, i LWA(fc, i) fc, i LWA(fc, i) 

50 –30.2 200 –10.9 800 –0.8 3150 +1.2 

63 –26.2 250 –8.6 1000 0 4000 +1 

80 –22.5 315 –6.6 1250 0.6 5000 +0.5 

100 –19.1 400 –4.8 1600 +1   

125 –16.1 500 –3.2 2000 +1.2   

160 –13.4 630 –1.9 2500 +1.3   
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A 0 dB Ladj [dB]

 
( ) ( ){ }, A , 10

adj 1010log 10 W c i c iL f L f

i
L Δ +ΔΔ = −  (1.2.3) 

(1.2.2) (1.2.3) 1.2.1 fc, i A LWA(fc, i) [dB]

 

( ) ( ) ( )A , , A , adjW c i W c i c iL f L f L f LΔ = Δ + Δ + Δ  (1.2.4) 

(1.2.1) (1.2.4) fc, i [Hz] A LWA(fc, i) [dB]

 

( ) ( )A , A A ,W c i W W c iL f L L f= + Δ  (1.2.5) 

1.2.1 (1.2.5) 1/3

 

 
1.2.1  

 

50 Hz 5 kHz 1/3

1/6 1/6

fc 1/6 f1 f1

1/6 f2  
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1
6

1 2cf f= ⋅  (1.2.6) 

1
6

2 1 2f f= ⋅  (1.2.7) 

f f1 f2  

( )
1
2

1 2f f f= ⋅  (1.2.8) 

1/3 (1.2.8) 1.2.2

 

 

1.2.2 1/3 1/6  

fc, i fc, j fc, i fc, j fc, i fc, j fc, i fc, j 

50 
46.82 

200 
187.3

800 
749.2 

3150 
2997 

52.56 210.2 840.9 3364 

63 
58.99 

250 
236.0 

1000 
943.9 

4000 
3376 

66.22 264.9 1059 4238 

80 
74.33 

315 
297.3 

1250 
1189 

5000 
4757 

83.43 333.7 1335 5339 

100 
93.64 

400 
374.6 

1600 
1498   

105.1 420.4 1682   

125 
118.0 

500 
471.9 

2000 
1888   

132.4 529.7 2119   

160 
148.7 

630 
594.6 

2500 
2379   

166.9 667.4 2670   
 

LT0 LT1 j

TL  

( ) ( ) ( )0 0T Tj j jTL f L f L f= −  (1.2.9) 

COMSOL Multiphysics 1/6

1/6

 

( ) ( ),c j jTL f TL f=  (1.2.10) 
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1/6

1/3 A

1/6 j–1 j A

1/3 i A

 

( ) ( ) ( ),
, 1 , 1010 log

2
A c i

WA c j WA c j

P f
L f L f− = =   

( ) ( ) ( ), 1 , , 1010log 2WA c j WA c j WA c iL f L f L f−↔ = = −  (1.2.11) 

PA [dB] i j=2i (1.2.10) (1.2.11) j–1

j A

L(fc, j–1) L(fc, j)  

( ) ( ) ( ), 1 , 10 , 110log 2c j WA c i c jL f L f TL f− −= − −  (1.2.12) 

( ) ( ) ( ), , 10 ,10log 2c j WA c i c jL f L f TL f= − −  (1.2.13) 

(1.2.12) (1.2.13) 1 46.82Hz 42 5339Hz A

L [dB]  

( ) ( ) ( ) ( ){ }
( ) ( ) ( ) ( ){

( ) ( ) ( ) ( )}

,1 ,2 ,41 ,42

,1 10 ,1 ,1 10 ,2

, 10 ,41 , 10 ,42

10 10 10 10
10

10log 2 10log 2

10 10

10log 2 10log 2

10 10

10log 10 10 10 10

10 10

10 10

WA c WA c WA c WA c

WA c c WA c c

WA c i c WA c i c

L f L f L f L f

L f TL f L f TL f

L f TL f L f TL f

L

L
− − − −

− − − −

= + + + +

↔ = +

+ + +

 
 

( ) ( ) ( ) ( ){
( ) ( ) ( ) ( ) }

,1 ,1 ,1 ,2

, ,41 , ,42

10 10
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10 10
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10log 10 10

10 10 10log 2

WA c c WA c c

WA c i c WA c i c

L f TL f L f TL f

L f TL f L f TL f

L
− −

− −

↔ = +

+ + + −

 (1.2.14) 

L=LWA=103.5 [dB]

L  

2018 ASJ-RTN Model [10]

A LWA [dB] (1.2.1) 3

a=45.8 b=30 LWA=102.9

1.2.3 fc, i A LWA(fc, i) [dB]

1/3
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1.2.2 ASJ-RTN Model 2018

 

 

1.2.3 A  

fc, i LWA(fc, i) fc, i LWA(fc, i) fc, i LWA(fc, i) fc, i LWA(fc, i) 

50 –38.7 200 –21.2 800 –8.3 3150 –15.8 

63 –25.4 250 –18.8 1000 –7.2 4000 –18.8 

80 –32.7 315 –17.2 1250 –8.0 5000 –21.7 

100 –29.8 400 –15.4 1600 –9.3   

125 –27.2 500 –13.3 2000 –10.8   

160 –25.0 630 –10.6 2500 –13.2   
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COMSOL Multiphysics

2 3 1.2.3 x

3

y

1 Pa 3

z 1.2 

kg/m3 c=340 [m/s]  

 

 

1.2.3  

 

1.2.4 (a) r=0.02 [m]

r1=0.18 [m] r2=0.2 [m]

t=0.05 [m] 1.2.4 (b)

a=0.6 [m]  

 

 
 

(a)  (b)  

1.2.4  
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1.2.2

r2=0.2 [m] a=0.6 [m] 1.3.1

2 250 Hz 500 Hz 1 kHz

A L=98.7 [dB]

103.5 dB 4.8 dB  

 
1.3.1  

 

A

1.3.2 (a) a=0.6 [m] r2=0.15 0.2 0.25 [m]

250 Hz

L=100 98.7 97.2 [dB] 1.3.2 

(b) r2=0.2 [m] a=0.5 0.6 0.7 [m]

265 Hz

L=97.7 98.7 100 [dB]
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1.3.2  

 

1.3.3

“Uniform” t=0.05 [m] Rf=1000 10000

100000 [Pa s/m2]

A L=83.5 77.1 78.0 [dB]

Rf=10000 [Pa s/m2]  
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1.2.2 r=0.02 [m] r1=0.18 [m]
r2=0.2 [m] 1.4.1 (b) (d) C

d [m]
1.4.1 (c) (d) t=0.05 [m]

1.3 Rf=10000 [Pa s/m2] 1.4.2

C  [rad]  

 

 

1.4.1 C

 

1.4.2 C
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=0 [rad] d [m]

C 1.4.3 d=0.05 [m]

C C

d=0.05 [m] 118 Hz

C

265 Hz

A L=99.2 dB

L=98.7 [dB]  

1.4.4 d 0.025 0.05 0.1 0.2 m C

265 Hz 595 Hz

A

L=99.4 99.2 99.3 98.9 [dB]

d=0.05 [m] 118 Hz

500 Hz

 

1.4.5 d 0.4 m

d=0.2 [m] C 0.4 m

C 265 Hz

A L=98.2 [dB] L=98.7 [dB]

 

=0 A
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1.4.3 0.05 m  

C  

1.4.4  

C  

1.4.5  

C  

 

3

2 1.4.6 (a) 3

f0 [12]  

0 2
c Gf

Vπ
=  (1.4.1) 

V G  

e

sG
l

=  (1.4.2) 

s le 1

l

l l+ =le

3  

( )0 2
c sf

V lπ δ
=

+
 (1.4.3) 

d 0.8dδ 1.4.6 (b)

d h

 

1 2 2loge
h d

d
δ

π π
= +  (1.4.4) 
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S h 1 V=S 1.4.6 (b)

h=1 d 1.4.6 (c) 2

3 s 2

d (1.4.3) (1.4.4) 2

 

0 2 1 2 2loge

c df
S l d

d
π

π π

=
+ +

 
(1.4.5) 

(1.4.5) 1.4.1 (b)  

0
2

1
2 1 2 2loge

c df
r r d

d
π π

π π

=
+ +

 
(1.4.6) 

 

 

1.4.6 C  

 

1.4.4 1.4.5 d=0.025 0.05 0.1 0.2 0.4 [m] fs (1.4.6)

d=0.025 [m] 0.005 m f0 1.4.7

d

d fs f0 d=0.1 [m]

fs f0 d 0.2 [m] fs f0 d=0.4 
[m] fs f0 C

d

2
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1.4.7  

 

 

1.4.2 C 1.4.8

=0 /4 /2 [rad] d=0.025 0.05 0.1

0.2 0.4 [m] C =0 = = /4 =3 /4

A 1.4.1 d 0.2 [m] = /2

d 0.2 [m] 265 Hz 595 Hz

= /2 /4 0 = /2

d=0.4 [m] =0 /4 = /2

C

= /2 =0

1/6

A) 
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1.4.8  

 

1.4.1

d [m] 0.025 0.05 0.1 0.2 0.4 

L [dB] 

=0 99.4 99.2 99.2 98.9 98.2 

= /4 98.8 98.6 98.3 99.5 102 

= /2 98.6 98.1 98.3 98.3 101 
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1.4.9 =0 d=0.05 [m] /

/ 4

C

t 2

(1.4.6)  

( ){ }0 2
12 0.8

c df
r r t dπ π

=
+ +

 (1.4.7) 

(1.4.7)

500 Hz

A

98.7 dB 99.2 dB 77.1 dB

76.6 dB

103 dB 26 dB  

 

 
1.4.9  
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1.4.10 d 0.025 0.05 0.1

0.2 m C =0 [rad]

d=0.2 [m]

A

L=76.0 76.6 77.4 78.0 [dB] L=77.1 [dB]

1.4.11 d=0.4 C

d

d

A L=78.4 [dB]  

 

  
1.4.10  

C  

 

1.4.11  

C  

 

 

 

C 1.4.12

d=0.025 0.05 0.1 0.2 0.4 [m] C

=0 /4 /2 [rad] A

1.4.2 d 0.2  
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= /2 /4 0 = /2

d=0.4 [m] =0 /4 = /2

d 0.2 = /2 /4 0

d=0.025 0.05 [m] = /2 d=0.1 0.2 [m] = /4 d=0.4 [m] =0

d 0.5 A

d

 

 

 
1.4.12  

 

1.4.2

d [m] 0.025 0.05 0.1 0.2 0.4 

L [dB] 

=0 76.0 76.6 77.4 78.0 78.4 

= /4 74.3 74.1 74.1 74.5 86.8 

= /2 72.8 73.6 76.0 79.3 94.5 
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A 3 1.5.1

1.2.2 r=0.02 [m] r1=0.18 [m] r2=0.2 

[m] rh [m] 1

n [ ] h=0.1875 [m]

1.5.2 1 1.5.1 (b)

t=0.05 [m] Rf=10000 [Pa s/m2]

1.5.1 (c) rh [m]

1.5.3  [rad]  

 

 
1.5.1  

 

  

1.5.2  1.5.3  
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=0 [rad] rh=0.01

0.02 0.04 [m] 1 n=8 [ ] 1.5.4

rh=0.01 0.02 [m] 265

595 Hz rh=0.04 [m]

rh=0.01 [m] 118 Hz rh=0.02 

[m] 210 Hz rh=0.04 [m] 375 Hz

rh=0.02 [m]

A L=98.8

99.7 100.7 [dB]

L=98.7 [dB]  

 

 
1.5.4  

 

 

rh=0.01 0.02 [m] 1

1.5.5 1 n=2 4 6 8 [ ]

265 595 Hz

rh=0.02 [m] n=6 8 [ ]
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A

rh=0.01 [m] L=98.8 dB 98.9 dB 98.8 dB 98.8 dB rh=0.02 [m] L=98.7 

dB 99.2 dB 99.2 dB 99.7 dB L=98.7 [dB]

 

 

 
1.5.5  

 

 

3

(1.4.4)  

( )0 2
c nAf

V lπ δ
=

+
 (1.5.1) 

n A V

(1.5.1) 1.5.1 (a)  

( )
2

0 2
12 0.8 2

h

h

n rcf
r h r r

π
π π

=
+ ⋅

  

( )0
12 1.6

h

h

cr nf
r h r rπ

↔ =
+

 (1.5.2) 

1.5.4 1.5.5 rh=0.01 0.02 [m] n=2 4 6 8 [ ] fs (1.5.2)

rh =0.005 [m] 0.005 m f0 1.5.6

fs f0
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1.5.6  

 

 

1.5.3 1.5.7

=0 /4 [rad] rh=0.02 [m] n=4[ ]

A L=99.2 dB 98.8 dB

 

 

 
1.5.7  
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rh=0.01 0.02 0.04 [m] 1 n=8 [ ]

1.5.8 (a) 1.5.1

rh=0.01 0.02 [m]

rh=0.04 [m]

500 

Hz A

L=74.6 73.3 73.9 [dB] L=77.1 dB

A  

1.5.8 (b) rh=0.01 0.02 [m]

rh=0.04 [m]

(1.5.2)  

( ){ }0
12 1.6

h

h

cr nf
r h r t rπ

=
+ +

 (1.5.3) 

(1.5.3)

rh=0.02 [m]

A 73.6 77.0 84.3 dB

rh=0.01 [m]

rh=0.02 [m]

rh=0.04 [m]
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1.5.8  

 

 

rh=0.01 0.02 [m] 1

1.5.9

rh=0.01 0.02 [m] 1 2 4 6 8 /

A 1.5.1

1 1

rh=0.02 [m] n=6 8
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1.5.9  

 

1.5.1

 2 4 6 8 

L [dB] 

rh=0.01 [m]  76.5 75.7 75.0 74.6 
rh=0.01 [m]  77.1 77.1 75.5 75.0 
rh=0.02 [m]  75.8 74.2 73.6 73.3 
rh=0.02 [m]  76.0 74.1 75.5 77.0 
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2 p x y vx vy

 

yx vvp
t x y

κ
∂∂∂ = − +

∂ ∂ ∂
 (2.2.1) 

= c2 c

 

xv p
t x

ρ ∂ ∂= −
∂ ∂

 (2.2.2) 

yv p
t y

ρ
∂ ∂= −
∂ ∂

 (2.2.3) 

Perfectly Matched Layer (PML)[28] x

y  

x yp p p= +  (2.2.4) 

x y PML x0 y0 (2.2.1) (2.2.3)

 

0x x x
x
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η κ
ρ

∂ ∂+ = −
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0y y y
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ρ
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∂ ∂
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x x
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ρ η∂ ∂+ = −
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 (2.2.7) 
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x y

v pv
t y

ρ η
∂ ∂+ = −
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 (2.2.8) 

(2.2.4) (2.2.8) 5  
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x y t Yee [27]

x y i j

n

(2.2.4) (2.2.8)  

( ) ( ) ( ), , ,n n n
x yp i j p i j p i j= +  (2.2.9) 
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+
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+ − −
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1
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x x x
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ρ η ρκ
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+ Δ Δ + Δ

 (2.2.13) 

x= x0 t/2 y= y0 t/2 (2.2.10) (2.2.13)  

( ) ( ) ( ) ( ) ( ){ }1 0.5 0.51, , 0.5, 0.5,
1 1

n n n nx
x x x x

x x

tp i j p i j v i j v i j
x

η κ
η η

+ + +− Δ= − + − −
+ + Δ

 (2.2.14) 

( ) ( ) ( ) ( ) ( ){ }1 0.5 0.51
, , , 0.5 , 0.5

1 1
yn n n n

y y y y
y y

tp i j p i j v i j v i j
y

η κ
η η

+ + +− Δ= − + − −
+ + Δ

 (2.2.15) 

( ) ( ) ( ) ( ) ( ){ }0.5 0.510.5, 0.5, 1, ,
1 1

n n n nx
x x

x x

tv i j v i j p i j p i j
x

η
η η ρ

+ −− Δ+ = + − + −
+ + Δ

 (2.2.16) 

( ) ( ) ( ) ( ) ( ){ }0.5 0.51
, 0.5 , 0.5 , 1 ,

1 1
yn n n n

y y
y y

tv i j v i j p i j p i j
y

η
η η ρ

+ −− Δ+ = + − + −
+ + Δ

 (2.2.17) 

n=0 n=0.5 2.2.1

2.4

x= y=5.0×10–2 [m] t=1.0×10–4 [s]  

 
2.2.1  

 p px py vx vy 

n=0  

n=0.5 

n=1 

n=1.5 

n=2 
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F(t)  

( ) ( )2
0C t tF t me− −=  (2.2.18) 

m=1.0 [m2/s] C=2.0×106

t=3.0×10–3 [s] (2.2.18)

 

( ) ( )2
0C n t tF n me− Δ −=  (2.2.19) 

(2.2.19) (2.2.14) (2.2.15) 1/2
 

( ) ( ) ( ) ( ) ( ){ } ( )1 0.5 0.51, , 0.5, 0.5,
1 1 2

n n n nx
x x x x

x x

F ntp i j p i j v i j v i j
x

η κ
η η

+ + +− Δ= − + − − +
+ + Δ

 (2.2.20) 

( ) ( ) ( ) ( ) ( ){ } ( )1 0.5 0.51
, , , 0.5 , 0.5

1 21
yn n n n

y y y y
y y

F ntp i j p i j v i j v i j
y

η κ
η η

+ + +− Δ= − + − − +
+ + Δ

 (2.2.21) 
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2 (2.2.14) (2.2.17) x y x

[29]  

( ) maxx x
xx

N x

τ

η η=
Δ

 (2.2.22) 

(2.2.22) PML N xmax y

x  

( ) maxy y
yy

N y

τ

η η=
Δ

 (2.2.23) 

PML xmax= ymax= max [-] 3 =4

[30] N x= y=5.0×10–2 [m] N=32 [ ]

PML N=32 2 N

max  

2.2.1 2 2.2.1 (a)

xmax=ymax=5.0 [m] 2.2.1 (b) 2.2.1 (a)

xmax=ymax=20 [m]  

 

 
2.2.1  
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=1.2 [kg/m3] c=340[m/s] 2.2.2

x= y=5.0×10–2 [m] t=1.0×10–4 [s] tmax=0.05 

[s] 2.2.1 (a) PML Absorbing 

Boundary 2.2.1 (b)

p [Pa] 2.2.1 (b)

2.2.1 (b)

2.2.1 (a)

3 max [-]  

max=0.0 1.0 10 3 2.2.2 max

2.2.2 (a) 6.0×10–3 4.0×10–3 Pa

max=0.0 0.02 s max=1.0 10

2.2.2 (b) 1.0×10–5 1.0×10–5 Pa

max=1.0 10

(2.2.22) (2.2.23)

max=1.0 max=10

max=1.0  

 

 

2.2.2 (a) (b)  

 

max 2.2.3 2.2.4
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max=1.0 1 max=0.1 0.9 0.1

max=1 9 1 p max=0.3

2.2.3 (a) 2.2.4 (a) max=0.1 0.5 1

max 2

max=0.2 0.4 0.01 max=0.28

2.2.3 (b) 2.2.4 (b) max=0.26 0.30 1

3

max=0.27 0.29 0.001 p 2.2.3 (c) 2.2.4 (c) max=0.278

0.282 max=0.280 3

max=0.280

 

 

 

2.2.3  

 

 

2.2.4  
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2.3.1 y a [m]

x nx [ ] xmax0 [m]

xmax0=ymax0=5 [m] nx [ ]

x xmax=xmax0 nx [m] y nx [ ]

y ymax=ymax0 nx [m]

PML x  [rad]

 

 

 
2.3.1  
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PML

2.3.2

nx=16 [ ] xmax=ymax=80 [m]
nx/2+1=9 9 y

y1 y2 = /4 y1 x
y /4

y=y2

2.3.3 p t=0.1000 
[s] 2.3.2

t1 t1=0.1000 [s] A B

t1 [s] AB d [m]  

( ) ( )max0 max0
1 1

4 cos 4 cos 4
xnd x x

π π
= ⋅ ⋅ + ⋅   

max0 1 2
4
xnd x↔ = ⋅ + ⋅  (2.3.1) 

2.3.2 xmax0 [m] tmax0 [s] t1 d
 

1
max0

tt
d

=  (2.3.2) 

(2.3.2) nx=16 tmax0=0.0141 2.3.2

nx PML tmax

 

max max0 2
xnt t= ⋅  (2.3.3) 

2.3.1 nx 16 nx (2.3.3) tmax
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2.3.2  

 

 

2.3.3 80 m  

 

2.3.1  

nx [ ] 16 32 64 128 256 512 

tmax [s] 0.1128 0.2256 0.4512 0.9024 1.8048 3.6096 
 

0 < /2 tmax

nx tmax   
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tmax

 

y (x, y)
t [s] ET  

( ) ( ){ }*
T

1 Re , , , ,
2 yE p x y v x y tω ω= ⋅ ⋅Δ  (2.3.4) 

Re{} * 2.2.2

 

( ) ( )max

0
, , , ,

t i tp x y p x y t e dtωω =  (2.3.5) 

y/2
 

( ) ( ) ( )max

0

, / 2, , / 2,
, ,

2
t y y i t

y

v x y y t v x y y t
v x y e dtωω

− Δ + + Δ
=  (2.3.6) 

(2.3.5) (2.3.6) (2.3.4) ET  

( ) ( ) ( )max max

*

T 0 0

, / 2, , / 2,1
Re , ,

2 2
t t y yi t i tv x y y t v x y y t

E p x y t e dt e dt tω ω− Δ + + Δ
= ⋅ ⋅ Δ  (2.3.7) 

2.3.2 x imax0=xmax0/ x=100 [ ]
(i x, y) 100  

( )
max

totalT T
1

i

i
E E i

=

=  (2.3.8) 

LT  

totalT 10 T10 logL E=  (2.3.9) 

LT0 LT1 TL
 

0 1T TTL L L= −  (2.3.10) 

nmax=tmax/ t [ ] fs=1/ t [Hz]
f =fs/nmax [Hz] fmax=fs/2 [Hz]

fmax=340 [Hz]  
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2.3.4  [rad] a [m] nx [ ]
= /6 /4 /3 a=0.5 2.5 4.5 nx

2.3.1 nx=512 [ ]
nx=400 [ ] tmax=2.8200 [s]

 

2.3.4 (a) (c) = /6 nx=16 32 64

nx=128 256 400 a=0.5 nx=128
0 dB nx 256 2.3.4 

(d) (f) = /4 nx=16 32 64 128 = /6

nx=256 400
nx 256 2.3.4 (g) (i) = /3 nx=16

nx a=4.5 nx=256
= /4 nx=400

nx=400
nmax=tmax/ t=28000 [ ] fs=1/ t=10000 

[Hz] f=fs/nmax=0.357 [Hz]  
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2.3.4  
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=0 

[rad] 2.3.5

PML

2.3.6 a=0.5 2.5 4.5 [m]  

 

 

2.3.5  

 

 

2.3.6  

  



47 
 

t

 

PML (2.2.1) (2.2.3)

 

( ) ( ) ( ) ( ){ }

( ) ( ){ }

0.5 0.5

0.5 0.5

, , 0.5, 0.5,

, 0.5 , 0.5

n n n n
x x

n n
y y

tp i j p i j v i j v i j
x

t v i j v i j
y

κ

κ

+ +

+ +

Δ= − + − −
Δ

Δ− + − −
Δ

 (2.4.1) 

  

( ) ( ) ( ) ( ){ }0.5 0.50.5, 0.5, 1, ,n n n n
x x

tv i j v i j p i j p i j
xρ

+ − Δ+ = + − + −
Δ

 (2.4.2) 

  

( ) ( ) ( ) ( ){ }0.5 0.5, 0.5 , 0.5 , 1 ,n n n n
y y

tv i j v i j p i j p i j
yρ

+ − Δ+ = + − + −
Δ

 (2.4.3) 

(2.4.1) (2.4.3) 0k
c
ω=

x y 0 sinxk
c
ω α= 0 cosyk

c
ω α= 0xik xe  

0yik ye 0 (i x j y) p0 vx0 vy0

1  

( ) 00
0 0, yx ik j yik i xn np i j p e e ζΔΔ=  (2.4.4) 

( ) ( ) 00 0.5
0 00.5, yx ik j yik i xn n

x xv i j v e e ζΔ+ Δ+ =  (2.4.5) 

( ) ( )00 0.5
0 0, 0.5 yx ik j yik i xn n

y yv i j v e e ζ+ ΔΔ+ =  (2.4.6) 

(2.4.4) (2.4.6) (2.4.1) (2.4.3) a
xr
y

Δ=
Δ
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Courant 0x
tT c
x

Δ=
Δ

0
0 sin

2
x

x
k xS Δ= 0

0 sin
2

y
y

k y
S

Δ
=

0
0 cos

2
x

x
k xC Δ=

1 1
2 2

0 0 0ζ ζ
−

Ζ = −  

0 0 0 0 0
0

0
0 0 0

0
0

0 0

2 2 0
2 0 0

0
2 0

x x a x y

x
x x

y
x

a y

i cT S i r cT S p
Ti S v

c
v

Ti r S
c

ρ ρ

ρ

ρ

Ζ − −

− Ζ =

− Ζ

 
(2.4.7) 

p0 vx0 vy0 0 (2.4.7) A0 0A 0
 

( )2 2 2 2 2
0 0 0 04 0x x a yT S r SΖ + + =  (2.4.8) 

( )2 2 2 2
0 0 0 01 2 x x a yA T S r S= − + (2.4.8)  

2
0 0 02 1 0Aζ ζ− + =  (2.4.9) 

(2.4.9) 0 1ζ ≤ –1 A0 1  

 

22

2 2

1

yx

t
SSc

x y

Δ ≤

+
Δ Δ

 
(2.4.10) 

(2.4.10) 1xS ≤ 1yS ≤  

2 2

1
1 1

t
c

x y

Δ ≤
+

Δ Δ

 
(2.4.11) 

x= y= h (2.4.11)  

2
ht
c

ΔΔ ≤  (2.4.12) 

(2.4.12) 2 Courant 1/ 2  

FDTD  [m]
10 20 1

fmax=340 [Hz] c=340 [m/s]
=c/f min=1 x= y=5.0×10–2 [m]

t=1.0×10–4 [s] (2.4.12)
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[31] 2.4.1 0

(2.4.9) 0  

( )2
0 0 0 01 1 1A i A Aζ = ± − − ≤ ≤  (2.4.13) 

(2.4.13) 2 2

(2.4.13) + y – y (2.4.13) 0

 

( )2 2
0 0 01 1A Aζ = + − =  (2.4.14) 

  
2
01

0
0

1
tan

A
A

ζ − ± −
∠ =   

2
01

0
0

1
tan

A
A

ζ − −
↔ ∠ = ±  (2.4.15) 

(2.4.14) n 1 1
t (2.4.15)

 

x= y= h ra=1 A0  

( )2 2 2
0 0 0 01 2 x x yA T S S= − +   

2
2 20 0

0
sin cos1 2 sin sin
2 2

k h k htA c
h

α αΔ ΔΔ↔ = − +
Δ

 (2.4.16) 

(2.4.15) 0  

0
0

t
t

ζ ωε
ω

∠ Δ=
± Δ

  

2
1 0

0
0

1
tan

A
t

A
t

ω
ε

ω

− −
± Δ

↔ =
± Δ

( ) 
(2.4.17) 

 

0
2 2f hk h h

c
π π

λ
ΔΔ = Δ =  (2.4.18) 

2.4.1 (2.4.17)  [%]

=0 /2 /12 h/
2.4.1 (a) Courant (2.4.12)
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Tx=1/ 2 Tx=0.707 t=1.04×10–4 [s] 2.4.1 

(b) t=1.00×10–4 [s] Courant Tx=0.680 h/

h

x y

= /4

=0 /2 Courant

(2.4.12) t (2.4.17)

 

 

 

2.4.1 Courant  

 

2.4.2 c h/ =0.05 Tx=0.707 0.680

cp cp (2.4.17) 0  

01pc
c

ε= +  (2.4.19) 
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2.4.2 =0

cp/c=1 0

0.997 x y =0 /2 3 /2

= /4 3 /4 5 /4 7 /4  

 

 

2.4.2  
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2 2.5.1 x 1

L [m] y  [rad]
x=0 x=L

x=0 x=L

x=0, x=L x
 

0x xx x L
v v

= =
=  (2.5.1) 

y x=0 x=L x
e i t  

0
xik L

x xx x L
v v e−

= =
=  (2.5.2) 

kx= sin /c k= /c x  

2.5.1 y=y0 x=0 A x=L B B
C CB AB A

B C x vxA vxB vxC x
vx Vx  

xik x
x xV v e−=  (2.5.3) 

(2.5.3) A B x=0 x=L  
0

xA xA xAV v e v= =  (2.5.4) 
sinxik L ik L

xB xB xBV v e v e θ− −= =  (2.5.5) 

B C  

xB xCv v=  (2.5.6) 

C A Lsin  
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sinikL
xC xAv v e θ=  (2.5.7) 

(2.5.4) (2.5.7)  
sin sin sin sinikL ikL ikL ikL

xB xB xC xA xA xAV v e v e v e e v Vθ θ θ θ− − −= = = = =  (2.5.8) 

(2.5.8)

 

 

2.5.1 x  

  



54 
 

x
y PML p

x y  

x yp p p= +  (2.5.9) 

 

x xp v
t x

κ∂ ∂= −
∂ ∂

 (2.5.10) 

0y y y
y

p v
p

t y
η

κ
ρ

∂ ∂
+ = −

∂ ∂
 (2.5.11) 

 

xv p
t x

ρ ∂ ∂= −
∂ ∂

 (2.5.12) 

0
y

y y

v pv
t y

ρ η
∂ ∂+ = −
∂ ∂

 (2.5.13) 

e i t

Bloch  
x

x

ik x
ik xpeP p PZe

Z

−

= ↔ =  (2.5.14) 

x
x

ik x
ik xx

x x x
p eP p P Ze

Z

−

= ↔ =  (2.5.15) 

x

x

ik x
y ik x

y y y

p e
P p P Ze

Z

−

= ↔ =  (2.5.16) 

x xik x ik x
x x x xV v e v V e−= ↔ =   (2.5.17) 

x xik x ik x
y y y yV v e v V e−= ↔ =  (2.5.18) 

Z= c (2.5.14) (2.5.18)

(2.5.14) (2.5.16) (2.5.9)  
x x xik x ik x ik x

x yPZe P Ze P Ze= +   

x yP P P↔ = +  2.5.19) 
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(2.5.14) (2.5.18) (2.5.10) (2.5.13)  

x x

x
x x

x x x

x x

ik x ik x
x x

ik x
ik x ik xx x

x

ik x ik x ik xx x
x x

p v
t x

P Ze V e
t x
P Z V ee e V

t x x

P Z Ve e ik V e
t x

κ

κ

κ

κ

∂ ∂= −
∂ ∂

∂ ∂↔ = −
∂ ∂
∂ ∂ ∂↔ = − +

∂ ∂ ∂

∂ ∂↔ = − +
∂ ∂

  

( )x x
x x

P Vc ik cV
t x

∂ ∂↔ = − −
∂ ∂

 (2.5.20) 

  
0

0

0

x x

x

x x x

y y y
y

ik x ik x
y y yik x

y

y y yik x ik x ik x
y

p v
p

t y
P Ze V e

P Ze
t y
P Z V

e P Ze e
t y

η
κ

ρ
η

κ
ρ
η

κ
ρ

∂ ∂
+ = −

∂ ∂
∂ ∂

↔ + = −
∂ ∂
∂ ∂

↔ + = −
∂ ∂

  

0y y y
y

P V
P c

t y
η
ρ

∂ ∂
↔ + = −

∂ ∂
 (2.5.21) 

  

x x

x
x x

x x x

x

ik x ik x
x

ik x
ik x ik xx

ik x ik x ik xx
x

v p
t x

V e PZe
t x
V PZ ee e PZ
t x x

V PZe e ik e PZ
t x

ρ

ρ

ρ

ρ

∂ ∂= −
∂ ∂

∂ ∂↔ = −
∂ ∂
∂ ∂ ∂↔ = − −
∂ ∂ ∂

∂ ∂↔ = − −
∂ ∂

  

( )x
x

V Pc ik cP
t x

∂ ∂↔ = − −
∂ ∂

 (2.5.22) 
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0

0

0

x x
x

x x x

y
y y

ik x ik x
y ik x

y y

yik x ik x ik x
y y

v pv
t y

V e PZeV e
t y
V PZe V e e
t y

ρ η

ρ η

ρ η

∂ ∂+ = −
∂ ∂

∂ ∂↔ + = −
∂ ∂
∂ ∂↔ + = −
∂ ∂

  

0
y

y y

V PZV
t y

ρ η
∂ ∂↔ + = −
∂ ∂

 (2.5.23) 

(2.5.20) (2.5.22)

FDTD 1

i / t  

Split-Field [25, 26]

 
a b

x x xP P P= +  (2.5.24) 
a b

x x xV V V= +  (2.5.25) 

(2.5.24) (2.5.20) Pxb=Vxsin Z= c kx= sin /c = c2

e i t  

( )

sin

sin

sin sin

x x
x x

x x
x

a b x
x x x

a
x x x x

P Vc ik cV
t x

P Vc i cV
t x c

VP P c V
t x t
P V V Vc
t t x t

ω θ

θ

θ θ

∂ ∂= − −
∂ ∂

∂ ∂↔ = − −
∂ ∂

∂∂ ∂↔ + = − +
∂ ∂ ∂
∂ ∂ ∂ ∂↔ + = − +
∂ ∂ ∂ ∂

  

a
x xP Vc
t x

∂ ∂↔ = −
∂ ∂

 (2.5.26) 
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(2.5.25) (2.5.22) Vxb=Psin  

( )

sin

sin

sin sin

x
x

x

a b
x x

a
x

V Pc ik cP
t x

V Pc i cP
t x c

PV V c P
t x t
V P P Pc
t t x t

ω θ

θ

θ θ

∂ ∂= − −
∂ ∂

∂ ∂↔ = − −
∂ ∂
∂ ∂ ∂↔ + = − +
∂ ∂ ∂
∂ ∂ ∂ ∂↔ + = − +
∂ ∂ ∂ ∂

  

a
xV Pc
t x

∂ ∂↔ = −
∂ ∂

 (2.5.27) 

Px Pxb Vx (2.5.19)

 

( )
( )

( ){ }

sin

sin

sin sin

sin sin

a b
x x x

a
x x x

a a b
x x x x

a a
x x x

a a
x x x x y

P P P

P P V

P P V V

P P V P

P P V P P

θ

θ

θ θ

θ θ

= +

↔ = +

↔ = + +

↔ = + +

↔ = + + +

  

( )2
2

1 sin sin
1 sin

a a
x x y xP P P Vθ θ

θ
↔ = + +

−
 (2.5.28) 

Vx Vxb  
a b

x x xV V V= +   

sina
x xV V P θ↔ = +  (2.5.29) 

(2.5.19) (2.5.21) (2.5.23) (2.5.26) (2.5.29) 7  
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2.5.2 x y t i j
n (2.5.19) (2.5.21)

(2.5.23) (2.5.26) (2.5.29)  

( ) ( ) ( ), , ,n n n
x yP i j P i j P i j= +  (2.5.30) 

  
( ) ( ) ( ) ( )

( ) ( )

1 1
0

0.5 0.5

, , , ,
2

, 0.5 , 0.5

n n n n
y y y y y

n n
y y

P i j P i j P i j P i j
t

V i j V i j
c

y

η
ρ

+ +

+ +

− +
+

Δ
+ − −

= −
Δ

  

( )

( ) ( ) ( ) ( ){ }

1

0 0.5 0.5

0 0

,
2 2, , 0.5 , 0.5
2 2

n
y

y n n n
y y y

y y

P i j
t c tP i j V i j V i j
t y t

ρ η ρ
ρ η ρ η

+

+ +

↔

− Δ Δ= − + − −
+ Δ Δ + Δ

 (2.5.31) 

  
( ) ( ) ( ) ( )

( ) ( )

0.5 0.5 0.5 0.5

0

, 0.5 , 0.5 , 0.5 , 0.5
2

, 1 ,

n n n n
y y y y

y

n n

V i j V i j V i j V i j
t

P i j P i j
Z

y

ρ η
+ − + −+ − + + + +

+
Δ

+ −
= −

Δ

  

( )

( ) ( ) ( ) ( ){ }

0.5

0 0.5

0 0

, 0.5

2 2, 0.5 , 1 ,
2 2

n
y

y n n n
y

y y

V i j

t Z tV i j P i j P i j
t y t

ρ η
ρ η ρ η

+

−

↔ +

− Δ Δ= + − + −
+ Δ Δ + Δ

 (2.5.32) 

  

( ) ( ) ( ) ( )1 0.5 0.5, , 0.5, 0.5,
n na a n n

x x x xP i j P i j V i j V i j
c

t x

+ + +− + − −
= −

Δ Δ
  

( ) ( ) ( ) ( ){ }1 0.5 0.5, , 0.5, 0.5,
n na a n n

x x x x
tP i j P i j c V i j V i j
x

+ + +Δ↔ = − + − −
Δ

 (2.5.33) 

  

( ) ( ) ( ) ( )0.5 0.5
0.5, 0.5, 1, ,

n na a n n
x xV i j V i j P i j P i j

c
t x

+ −
+ − + + −

= −
Δ Δ

  

( ) ( ) ( ) ( ){ }0.5 0.5
0.5, 0.5, 1, ,

n na a n n
x x

tV i j V i j c P i j P i j
x

+ − Δ↔ + = + − + −
Δ

 (2.5.34) 
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2
2

( , )

( 0.5, ) ( 0.5, )1 ( , ) ( , ) sin sin
1 sin 2

n n
n

n
x

a a
a n x x

x y

P i j

V i j V i jP i j P i j θ θ
θ

+ + −= + +
−

  

( )

( ) ( ) ( ) ( ){ }2
2

,

1 sin
, , sin 0.5, 0.5,

1 sin 2

n
x

a n a a
x y x x

n n n

P i j

P i j P i j V i j V i j
θθ

θ

↔

= + + + + −
−

 (2.5.35) 

  

( ) ( ) ( ) ( )0.5
0.5 0.5

0.5 1, ,
0.5, 0.5, sin

2
n

n n
n a

x x

P i j P i j
V i j V i j θ

+
+ +

+ + +
+ = + +   

( ) ( ) ( ) ( ){ }0.50.5 0.5 0.5sin0.5, 0.5, 1, ,
2

nn a n n
x xV i j V i j P i j P i jθ++ + +↔ + = + + + +  (2.5.36) 

y= y0 t/2 (2.5.31) (2.5.32)  

( ) ( ) ( ) ( ) ( ){ }1 0.5 0.51
, , , 0.5 , 0.5

1 1
yn n n n

y y y y
y y

c tP i j P i j V i j V i j
y

η
η η

+ + +− Δ= − + − −
+ + Δ

 (2.5.37) 

( ) ( ) ( ) ( ) ( ){ }0.5 0.51
, 0.5 , 0.5 , 1 ,

1 1
yn n n n

y y
y y

c tV i j V i j P i j P i j
y

η
η η

+ −− Δ+ = + − + −
+ + Δ

 (2.5.38) 

(2.5.1) (2.5.34) (2.5.38) i=1
i=0.5 i=imax

i=imax+0.5  

( ) ( ) ( ) ( ){ }0.5 0.5

max0.5, 0.5, 1, ,
n na a n n

x x
tV j V j c P j P i j
x

+ − Δ= − −
Δ

 (2.5.39) 

( ) ( ) ( ) ( ){ }0.5 0.5

max max max0.5, 0.5, 1, ,
n na a n n

x x
tV i j V i j c P j P i j
x

+ − Δ+ = + − −
Δ

 (2.5.40) 

( ) ( ) ( ) ( ){ }0.50.5 0.5 0.5
max

sin0.5, 0.5, 1, ,
2

nn a n n
x xV j V j P j P i jθ++ + += + +  (2.5.41) 

( )

( ) ( ) ( ){ }0.5

0.5
max

0.5 0.5
max max

0.5,
sin0.5, 1, ,

2
n

n
x

a n n
x

V i j

V i j P j P i jθ+

+

+ +

+

= + + +
 (2.5.42) 

FDTD vx vy p t/2
2.5.1 n=0 P Px Pxa Py

n=0.5
2.5.2 n=0 n=0.5 Vx Vxa Vy
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2.5.1 n=0  

 P Px Pxa Py Vx Vxa Vy 
n=0 

n=0.5 

n=1 

 

2.5.2 n=0 n=0.5  

 P Px Pxa Py Vx Vxa Vy 
n=0 

n=0.5 

n=1 

n=1.5 

 

(2.5.30) (2.5.33) (2.5.38)

n=0
n=0.5 2 2.5.3 n=1

 

 

2.5.3  

 P Px Pxa Py Vx Vxa Vy 
n=0 

n=0.5 

n=1 

n=1.5 

n=2 

  

 

n=1 1 1 n=1.5 1 2 n=2 2 1

1 2
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( ) ( )2
0C n t tF n me− Δ −=  (2.5.43) 

(2.5.30) (2.5.33) (2.5.37) 1/2

 

( )
( ) ( ) ( ){ } ( )

1

0.5 0.5, 0.5, 0.5,
2,

n

n

a n n
x x x

a
x

F ntP i j c V i j V i j Z
xP i j

Z
+

+ +Δ− + − − ⋅ +
Δ=  

(2.5.44) 

( )

( ) ( ) ( ) ( ){ } ( )

1

0.5 0.5

,

1
, , 0.5 , 0.5

1 21

n
y

y n n n
y y y

y y

P i j

F nc tP i j V i j V i j Z
y

Z

η
η η

+

+ +− Δ− + − − ⋅ +
+ + Δ

=

 (2.5.45) 

2.5.3 2  
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2.6.1

xmax0=ymax0=5.0 [m] a [m]

2.2.4 PML

 

 

 

2.6.1  
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x 100
ET  

( ) ( ){ }*
T

1 Re , , , ,
2 yE p x y v x y tω ω= ⋅ ⋅Δ  (2.6.1) 

 

( ) ( )

( ) ( )
0

0

, , , ,

, , , , x

i t

ik x i t

p x y p x y t e dt

p x y P x y t Ze e dt

ω

ω

ω

ω

∞

∞

=

↔ =
  

( ) ( )
0

, , , ,xik x i tp x y Ze P x y t e dtωω
∞

↔ =  (2.6.2) 

  

( ) ( ) ( )

( ) ( ) ( )
0

0

, / 2, , / 2,
, ,

2
, / 2, , / 2,

, ,
2

x x

y y i t
y

ik x ik x
y y i t

y

v x y y t v x y y t
v x y e dt

V x y y t e V x y y t e
v x y e dt

ω

ω

ω

ω

∞

∞

− Δ + + Δ
=

− Δ + + Δ
↔ =

  

( ) ( ) ( )
0

, / 2, , / 2,
, ,

2
x y yik x i t

y

V x y y t V x y y t
v x y e e dtωω

∞ − Δ + + Δ
↔ =  (2.6.3) 

2.3 0 t tmax

0 t (2.6.2) (2.6.3)

(2.6.1) ET  

( ) ( ) ( ) *

T 0 0

, / 2, , / 2,1
Re , ,

2 2
x x y yik x ik xi t i t

V x y y t V x y y t
E Ze P x y t e dt e e dt tω ω∞ ∞ − Δ + + Δ

= ⋅ ⋅ Δ  (2.6.4) 

 

( ) ( ) ( )( ) 2 2cos sin cos sin cos sin 1x xik x ik x
x x x x x xe e k x i k x k x i k x k x k x

∗
⋅ = + − = + =  (2.6.5) 

(2.6.5) (2.6.4) ET  

( ) ( ) ( ) *

T 0 0

, / 2, , / 2,1
Re , ,

2 2
y yi t i tV x y y t V x y y t

E P x y t e dt e dt Z tω ω∞ ∞ − Δ + + Δ
= ⋅ ⋅ Δ  (2.6.6) 

i (i x, y) 100 ET  

( ) ( ) ( )
max

T

*

0 0
1

total max

, / 2, , / 2,1
Re , ,

2 2

i
y y i t i t

i

E i Z t

V i x y y t V i x y y t
e dt P i x y t e dtω ω∞ ∞

=

= Δ ⋅

Δ − Δ + Δ + Δ
⋅ Δ

 (2.6.7) 

LT TL  
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totalT 10 T10 logL E=  (2.6.8) 

0 1T TTL L L= −  2.6.9) 

LT0 LT1 (2.6.8)

LT0 LT1 10log10(imaxZ t) (2.6.9)

(2.6.4) ET xik xe Z (2.6.1)  

( ) ( ){ }*
T

1 Re , , , ,
2 yE P x y V x y tω ω= ⋅ ⋅Δ  (2.6.10) 

(2.6.10) (2.5.14) (2.5.18)

P Vy 2.3.2

nx=400 [ ]  

2.6.2 2.6.4 a=0.5 2.5 4.5 [m]
=0 /6 /4 /3 [rad]

2.7 fmax=340 [Hz]
x= y=5.0×10–2 [m] =0 /6 /4 /3

t=1.0×10–4 5.0×10–5 3.0×10–5 1.0×10–5 [s] tmax=1.0 [s]
f =1.0 [Hz]

125 Hz 340 Hz 10 
dB

 

a=2.5 4.5
=0

a >0

5 dB FDTD

a=4.5
2.7  
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2.6.2 a=0.5  
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2.6.3 a=2.5  
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2.6.4 a=4.5  

  



68 
 

xmax0=ymax0=5 [m] a=0.5 2.5 4.5 [m]
=0 /6 /4 /3 [rad]

2.6.5 2.6.7 2.3.1

3 (2.5.14)

 

( ) ( )

( ) ( )

( ) ( )

sin

sin

1
2

1
2

2

i t

i x i tc

xi t
c

p t p e d

p t P Ze e d

Zp t P e d

ω

ω θ ω

ω θ

ω ω
π

ω ω
π

ω ω
π

∞ −

−∞

∞ −

−∞

− −∞

−∞

=

↔ =

↔ =

  

( ) sinxp t Z P t
c

θ↔ = ⋅ −  (2.6.11) 

p P  

( ) ( ), , , , sin /p x y t Z P x y t x cθ= ⋅ −  (2.6.12) 

(2.6.12) 3

2.6.2 x= y=5.0×10–2 [m]
=0 /6 /4 /3 t=1.0×10–4 5.0×10–5 3.0×10–5 1.0×10–5 [s]

 

2.7

=0
= /3

2.4.2 = /6
= /3 2.3.1

= /3
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(a) =0 (b) = /6 

  

  
  

  

  
  

  

  
(c) = /4 (d) = /3 

 

2.6.5 a=0.5  
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(a) =0 (b) = /6 

  

  
  

  

  
  

  

  
(c) = /4 (d) = /3 

 

2.6.6 a=2.5  
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(a) =0 (b) = /6 

  

  
  

  

  
  

  

  
(c) = /4 (d) = /3 

 

2.6.7 a=4.5  
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2.4

t

y PML

PML

 

yx vvp
t x y

κ
∂∂∂ = − +

∂ ∂ ∂
 (2.7.1) 

xv p
t x

ρ ∂ ∂= −
∂ ∂

 (2.7.2) 

yv p
t y

ρ
∂ ∂= −
∂ ∂

 (2.7.3) 

 
x

x

ik x
ik xpeP p PZe

Z

−

= ↔ =  (2.7.4) 

x xik x ik x
x x x xV v e v V e−= ↔ =  (2.7.5) 

x xik x ik x
y y y yV v e v V e−= ↔ =  (2.7.6) 

(2.7.4) (2.7.6) (2.7.1) (2.7.3)  

xxx

yx

ik xik xik x
yx

vvp
t x y

V eV ePZe
t x y

κ

κ

∂∂∂ = − +
∂ ∂ ∂

∂∂∂↔ = − +
∂ ∂ ∂

  

( )yx
x x

VVP c c ik cV
t x y

∂∂∂↔ = − − −
∂ ∂ ∂

 (2.7.7) 
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x x

x

ik x ik x
x

v p
t x

V e PZe
t x

ρ

ρ

∂ ∂= −
∂ ∂

∂ ∂↔ = −
∂ ∂

  

( )x
x

V Pc ik cP
t x

∂ ∂↔ = − −
∂ ∂

 (2.7.8) 

  

x x

y

ik x ik x
y

v p
t y

V e PZe
t y

ρ

ρ

∂ ∂= −
∂ ∂

∂ ∂↔ = −
∂ ∂

  

yV Pc
t y

∂ ∂↔ = −
∂ ∂

 (2.7.9) 

(2.7.7) (2.7.8)  
a bP P P= +  (2.7.10) 
a b

x x xV V V= +  (2.7.11) 

(2.7.10) (2.7.7) Pb=Vxsin  

( )

sin

sin

sin sin

yx
x x

yx
x

ya b x
x

a
yx x x

VVP c c ik cV
t x y

VVP c c i cV
t x y c

VVP P c c V
t x y t

VV V VP c c
t t x y t

ω θ

θ

θ θ

∂∂∂ = − − −
∂ ∂ ∂

∂∂∂↔ = − − −
∂ ∂ ∂

∂∂∂ ∂↔ + = − − +
∂ ∂ ∂ ∂

∂∂ ∂ ∂∂↔ + = − − +
∂ ∂ ∂ ∂ ∂

  

a
yx VVP c

t x y
∂∂∂↔ = − +

∂ ∂ ∂
 (2.7.12) 

(2.7.11) (2.7.8) Vxb=Psin  

x
x

V Pc ik cP
t x

∂ ∂= − −
∂ ∂

  

a
xV Pc
t x

∂ ∂↔ = −
∂ ∂

 (2.7.13) 

P Pb Vx Vxb  

sina
xP P V θ= +  (2.7.14) 
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sina
x xV V P θ= +  (2.7.15) 

(2.7.9) (2.7.12) (2.7.15) c  

sinxk
c
ω α′ =

′
cosyk

c
ω α′ =

′
 

P  

0
yx ik yik x i tP P e e e ω′′ −=  (2.7.16) 

P0 P xik xe ′ yik ye ′ x y i te ω−

 

0
yx ik yik xa a i tP P e e e ω′′ −=  (2.7.17) 

0
yx ik yik x i t

x xV V e e e ω′′ −=  (2.7.18) 

0
yx ik yik xa a i t

x xV V e e e ω′′ −=  (2.7.19) 

0
yx ik yik x i t

y yV V e e e ω′′ −=  (2.7.20) 

(2.7.16) (2.7.20) (2.7.9) (2.7.12) (2.7.13)  

0 0

0 0

yx yx

y yx x

y

ik yik x i t ik yik x i t
y

ik y ik yik x ik xi t i t
y y

V Pc
t y

V e e e P e e ec
t y

i V e e e ick P e e e

ω ω

ω ωω

′′ ′− ′ −

′ ′′ ′− −

∂ ∂= −
∂ ∂

∂ ∂↔ = −
∂ ∂

′↔ − = −

 
 

0 0y y
cV k P
ω

′↔ =  (2.7.21) 

  

( )

00 0

0 0 0

yxy yx x

y y yx x x

a
yx

ik yik x i tik y ik yik x ik xa i t i t
yx

ik y ik y ik yik x ik x ik xa i t i t i t
x x y y

VVP c
t x y

V e e eP e e e V e e ec
t x y

i P e e e c ik V e e e ik V e e e

ωω ω

ω ω ωω

′′′ ′ −′ ′− −

′ ′ ′′ ′ ′− − −

∂∂∂ = − +
∂ ∂ ∂

∂∂ ∂↔ = − +
∂ ∂ ∂

′ ′↔ − = − +

  

0 0 0
a

x x y y
c cP k V k V
ω ω

′ ′↔ = +  (2.7.22) 
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0 0

0 0

y yx x

y yx x

a
x

ik y ik yik x ik xa i t i t
x

ik y ik yik x ik xa i t i t
x x

V Pc
t x

V e e e P e e ec
t x

i V e e e ick P e e e

ω ω

ω ωω

′ ′′ ′− −

′ ′′ ′− −

∂ ∂= −
∂ ∂

∂ ∂↔ = −
∂ ∂

′↔ − = −

 
 

0 0
a

x x
cV k P
ω

′↔ =  (2.7.23) 

(2.7.14) (2.7.15) (2.7.22) (2.7.23) (2.7.16) (2.7.18)

(2.7.22) (2.7.14)  

0 0 0

0 0 0

sin

sin
sin

y y yx x x

a
x

ik y ik y ik yik x ik x ik xi t a i t i t
x

a
x

P P V

P e e e P e e e V e e e
P P V

ω ω ω

θ

θ
θ

′ ′ ′′ ′ ′− − −

= +

↔ = +

↔ = +

  

0 0 0sin 0yx
x y

ckckP V Vθ
ω ω

′′
↔ − + − =  (2.7.24) 

(2.7.16) (2.7.18) (2.7.19) (2.7.23) (2.7.15)  

0 0 0

0 0 0

sin

sin
sin

y y yx x x

a
x x

ik y ik y ik yik x ik x ik xi t a i t i t
x x

a
x x

V V P

V e e e V e e e P e e e
V V P

ω ω ω

θ

θ
θ

′ ′ ′′ ′ ′− − −

= +

↔ = +

↔ = +

  

0 0sin 0x
x

ck P Vθ
ω

′
↔ + − =  (2.7.25) 

(2.7.21) (2.7.24) (2.7.25)  

0

0

0

0 1
0

sin 1 0 0
0

1 sin

y

x
x

y
yx

ck

P
ck V

Vckck

ω

θ
ω

θ
ω ω

′
−

′
+ − =

′′
− − −

 (2.7.26) 

P0 Vx0 Vy0 0 (2.7.26) A A 0
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( ) ( )

( ) ( )
2 2

2 2 2

2

1 1 1 sin 0 sin 0

1 0 0 1 1 sin sin

1 2 sin sin 0

1

y yx x

y y x x

y x x

ck ckck ck

ck ck ck ck

c c ck k k

c

θ θ
ω ω ω ω

θ θ
ω ω ω ω

θ θ
ω ω ω

ω

′ ′′ ′
= ⋅ − ⋅ − + − − ⋅ ⋅ + − ⋅ + ⋅

′ ′ ′ ′
− − ⋅ − ⋅ − ⋅ ⋅ − − ⋅ − − ⋅ +

′ ′ ′= − − − − =

↔ −
2

2 2 2

2 2
2 2 2

2 sin sin 0

2 sin sin 0

y x x

y x x

c ck k k

k k k
c c c

θ θ
ω ω

ω ω ωθ θ

′ ′ ′− − − =

′ ′ ′↔ − − − − =

  

( )
2

2 2 2sin 1 2 sin 0x x yk k k
c c
ω ωθ θ′ ′ ′↔ − ⋅ + ⋅ + + =  (2.7.27) 

sinxk
c
ω α′ =

′
cosyk

c
ω α′ =

′
(2.7.27)  

( )
2 2 2

2sin 1 2 sin sin sin cos 0
c c c c c
ω ω ω ω ωθ α θ α α− + ⋅ + + =

′ ′ ′
  

2
22sin sin sin 1 0c c

c c
α θ θ↔ + ⋅ + − =

′ ′
 (2.7.28) 

 

( ) ( )

( )

2 2

2 2

2

2sin sin 2sin sin 4 sin 1

1

sin sin sin sin 1 1

c
c

c
c

α θ α θ θ

α θ θ α

′
=

− ± − −

′
↔ =

− ± − +

  

2 2

1
sin sin 1 cos sin

c
c α θ α θ
′

↔ =
− ± −

 (2.7.29) 

< /2 (2.7.29)

+ – c c + c – =0 /2 3 /2
c c 2.7.1  
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2.7.1 c c  

 [rad] 0 /2 3 /2 

c +/c [-] 
1

cosθ
 

1
1 sinθ−

1
1 sinθ+

c –/c [-] 
1

cosθ−
 

1
1 sinθ− −

 
1

1 sinθ− +
 

 

2.7.1 =0 /6 /4 /3 [rad] (2.7.29) c /c

 [rad] =0 =0 = /6

= /4 = /3 2.7.1 (a) c +/c =0

0< < /2 c +/c 0< < /2

c +/c = /2 =3 /2

c +/c

0

2.7.1 (b) c –/c c +/c =0

y 2  

 

 

2.7.1 c c  
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x= y= h (2.7.30)  

2 2

1
1 1

t
c

x y

Δ ≤
+

Δ Δ

 
 

2
ht
c

Δ↔ Δ ≤  (2.7.30) 

(2.7.30) c (2.7.29) c
t c = /2  

1 sin
cc

θ
+′ =

−
=3 /2

1 sin
cc

θ
−′ =

− + 1 sin
cc

θ
′ =

−
 

 

2 2

1
1 1

1 sin

t
c

x yθ

Δ ≤
+

− Δ Δ

 
 

( )1 sin
2

h
t

c
θ− Δ

↔ Δ ≤  (2.7.31) 

h=5.0×10–2 [m] 2.7.2

(2.7.31)  

 

2.7.2  

 [rad] 0 /6 /4 /3 

t [s] 1.0×10–4 5.0×10–5 3.0×10–5 1.0×10–5 
 

>0
t=1.0×10–4 [s] 2.5

t 2.7.2  
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2.7.2 2.7.3

(2.7.9)

(2.7.12) (2.7.15)  

( ) ( ) ( ) ( )0.5 0.5, 0.5 , 0.5 , 1 ,n n n n
y yV i j V i j P i j P i j

c
t y

+ −+ − + + −
= −

Δ Δ
  

( ) ( ) ( ) ( ){ }0.5 0.5, 0.5 , 0.5 , 1 ,n n n n
y y

tV i j V i j c P i j P i j
y

+ − Δ↔ + = + − + −
Δ

 (2.7.32) 

  

( ) ( ) ( ) ( )

( ) ( )

1 0.5 0.5

0.5 0.5

, , 0.5, 0.5,

, 0.5 , 0.5

n na a n n
x x

n n
y y

P i j P i j V i j V i j
c

t x
V i j V i j

c
y

+ + +

+ +

− + − −
= −

Δ Δ
+ − −

−
Δ

  

( ) ( ) ( ) ( ){ }

( ) ( ){ }

1 0.5 0.5

0.5 0.5

, , 0.5, 0.5,

, 0.5 , 0.5

n na a n n
x x

n n
y y

tP i j P i j c V i j V i j
x

tc V i j V i j
y

+ + +

+ +

Δ↔ = − + − −
Δ

Δ− + − −
Δ

 (2.7.33) 

  

( ) ( ) ( ) ( )0.5 0.5
0.5, 0.5, 1, ,

n na a n n
x xV i j V i j P i j P i j

c
t x

+ −
+ − + + −

= −
Δ Δ

  

( ) ( ) ( ) ( ){ }0.5 0.5
0.5, 0.5, 1, ,

n na a n n
x x

tV i j V i j c P i j P i j
x

+ − Δ↔ + = + − + −
Δ

 (2.7.34) 

  

( ) ( ) ( ) ( )0.5, 0.5,
, , sin

2
n

n n
x xn a V i j V i j

P i j P i j θ
+ + −

= +   

( ) ( ) ( ) ( ){ }sin, , 0.5, 0.5,
2

nn a n n
x xP i j P i j V i j V i jθ↔ = + + + −  (2.7.35) 

  

( ) ( ) ( ) ( )0.5
0.5 0.5

0.5 1, ,
0.5, 0.5, sin

2
n

n n
n a

x x

P i j P i j
V i j V i j θ

+
+ +

+ + +
+ = + +   

( ) ( ) ( ) ( ){ }0.50.5 0.5 0.5sin0.5, 0.5, 1, ,
2

nn a n n
x xV i j V i j P i j P i jθ++ + +↔ + = + + + +  (2.7.36) 

(2.7.32) (2.7.36)

2.7.2  

c k
c
ω′′ = x y sinxk

c
ω α′′ =
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cosyk
c
ω α′′ = xik xe ′′ yik ye ′′ i te ω−  

(i x j y) n t P0 P0a Vx0 Vx0a Vy0

 

( ) 0, yx ik j yik i xn i n tP i j Pe e e ω′′ Δ′′ Δ − Δ=  (2.7.37) 

( ) 0,
n yx ik j yik i xa a i n tP i j P e e e ω′′ Δ′′ Δ − Δ=  (2.7.38) 

 

( ) ( )0.5
00.5, yx ik j yik i xn i n t

x xV i j V e e e ω′′ Δ′′ + Δ − Δ+ =  (2.7.39) 

( ) ( )0.5
00.5,

n yx ik j yik i xa a i n t
x xV i j V e e e ω′′ Δ′′ + Δ − Δ+ =  (2.7.40) 

( ) ( )0.5
0, 0.5 yx ik j yik i xn i n t

y yV i j V e e e ω′′ + Δ′′ Δ − Δ+ =  (2.7.41) 

(2.7.37) (2.7.41) (2.7.32)  
( ) ( ) ( ) ( )

( ){ }
0.5 0.50.5 0.5

0 0

1
0 0

2 2 2 2
0 0 0 0

y yx x

y yx x

y y

ik j y ik j yi n t i n tik i x ik i x
y y

ik j y ik j yik i x ik i xi n t i n t

t t y yi i ik ik

y y

V e e e V e e e

tc P e e e P e e e
y

tV e V e c P e P e
y

ω ω

ω ω

ω ω

′′ ′′+ Δ + Δ− + Δ − − Δ′′ ′′Δ Δ

′′ ′′+ Δ Δ′′ ′′Δ Δ− Δ − Δ

Δ Δ Δ Δ′′ ′′− −

=

Δ− −
Δ

Δ↔ = − −
Δ

 
 

2 2 2 2
0 0 0y y

t t y yi i ik ik

y
te e V c e e P
y

ω ωΔ Δ Δ Δ′′ ′′− −Δ↔ − − − =
Δ

 (2.7.42) 

 

( ) ( )cos sin cos sin 2 sinix ixe e x i x x i x i x−− = + − − =  (2.7.43) 

a
xr
y

Δ=
Δ x

tT c
x

Δ=
Δ

(2.7.43) (2.7.42)  

0 02 sin 2 sin 0
2 2

y
y a x

k yti V r T i Pω ′′ΔΔ − =   

0 0

sin
2 sin 0

2
y

y a
x

t
k y

V r P
T

ωΔ
′′Δ

↔ − =  (2.7.44) 

sin
2

x

t

T

ωΔ

Λ = sin
2

y
y

k y
S

′′Δ
= (2.7.44)  

0 0 0y a yV r S PΛ − =  (2.7.45) 

(2.7.38) (2.7.39) (2.7.41) (2.7.33)  



81 
 

( )

( ) ( ) ( ) ( )( )
( ) ( )

1
0

0

0.5 0.5 0.5 0.5
0 0

0.5 0.5
0 0

yx

yx

y yx x

y yx x

ik j y i n tik i xa

ik j yik i xa i n t

ik j y ik j yik i x i n t ik i x i n t
x x

ik j y ik ji n tik i x ik i x
y y

P e e e

P e e e
tc V e e e V e e e
x
tc V e e e V e e
y

ω

ω

ω ω

ω

′′ Δ − + Δ′′ Δ

′′ Δ′′ Δ − Δ

′′ ′′Δ Δ′′ ′′+ Δ − + Δ − Δ − + Δ

′′ ′′+ Δ − + Δ′′ ′′Δ Δ

=
Δ− −
Δ
Δ− −
Δ

( ) ( )( )0.5 0.5

2 2 2 2 2 2
0 0 0 0

2 2 2 2 2 2
0 0

x x y y

x x y y

y i n t

t t x x y yi i ik ik ik ika a
x y

t t x x y yi i ik ik ik ika
x

e

t tP e P e c V e e c V e e
x y

t te e P c e e V c e e V
x y

ω

ω ω

ω ω

− Δ − + Δ

Δ Δ Δ Δ Δ Δ′′ ′′ ′′ ′′− − −

Δ Δ Δ Δ Δ Δ′′ ′′ ′′ ′′− − −

Δ Δ↔ = − − − −
Δ Δ

Δ Δ↔ − − − − −
Δ Δ 0

0 0 0

0

2 sin 2 sin 2 sin 0
2 2 2

y

ya x
x x a x y

k yk xti P T i V r T i Vω

=

′′Δ′′ΔΔ↔ − − =

 

 

0 0 0

sin
2 sin sin 0

2 2
ya x

x a y
x

t
k yk xP V r V

T

ωΔ
′′Δ′′Δ↔ − − =  (2.7.46) 

sin
2

x
x

k xS
′′Δ= Sx Sy (2.7.46)  

0 0 0 0a
x x a y yP S V r S VΛ − − =  (2.7.47) 

(2.7.37) (2.7.40) (2.7.34)  
( ) ( ) ( ) ( )

( ){ }
0.5 0.5 0.5 0.5

0 0

1
0 0

2 2 2 2
0 0 0 0

y yx x

y yx x

x x

ik j y ik j yik i x i n t ik i x i n ta a
x x

ik j y ik j yik i x ik i xi n t i n t

t t x xi i ik ika a
x x

i

V e e e V e e e
tc P e e e P e e e
x

tV e V e c P e P e
x

e

ω ω

ω ω

ω ω

′′ ′′Δ Δ′′ ′′+ Δ − + Δ + Δ − − Δ

′′ ′′Δ Δ′′ + Δ ′′ Δ− Δ − Δ

Δ Δ Δ Δ′′ ′′− −

=
Δ− −
Δ

Δ↔ = − −
Δ

↔ 2 2 2 2
0 0

0 0

0 0

0

2 sin 2 sin 0
2 2

sin
2 sin 0

2

x x
t t x xi ik ika

x

a x
x x

a x
x

x

te V c e e P
x
k xti V T i P

t
k xV P

T

ω ω

ω

ω

Δ Δ Δ Δ′′ ′′− −Δ− − − =
Δ

′′ΔΔ↔ − =

Δ
′′Δ↔ − =

  

0 0 0a
x xV S P↔ Λ − =  (2.7.48) 

(2.7.37) (2.7.39) (2.7.35)  
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( ) ( )( )
0 0

0.5 0.5
0 0

sin
2

y yx x

y yx x

ik j y ik j yik i x ik i xi n t a i n t

ik j y ik j yik i x ik i xi n t i n t
x x

P e e e P e e e

V e e e V e e e

ω ω

ω ωθ

′′ ′′Δ Δ′′ ′′Δ Δ− Δ − Δ

′′ ′′Δ Δ′′ ′′+ Δ − Δ− Δ − Δ

=

+ +
  

2 2
0 0 0

sin 0
2

x x
x xik ika

xP P e e Vθ Δ Δ′′ ′′−
↔ − − + =  (2.7.49) 

 

( ) ( )cos sin cos sin 2cosix ixe e x i x x i x x−+ = + + − =  (2.7.50) 

(2.7.50) (2.7.49)  

0 0 0
sin 2cos 0

2 2
a x

x
k xP P Vθ ′′Δ− − =   

0 0 0sin cos 0
2

a x
x

k xP P Vθ
′′Δ↔ − − =  (2.7.51) 

cos
2

x
x

k xC
′′Δ= (2.7.51)  

0 0 0sin 0a
x xP P C Vθ− − =  (2.7.52) 

(2.7.37) (2.7.39) (2.7.40) (2.7.36)  
( ) ( )

( )( )
0.5 0.5

0 0

1
0 0

2 2
0 0 0

0 0 0

sin
2

sin 0
2

sin cos
2

y yx x

y yx x

x x

ik j y ik j yik i x ik i xi n t a i n t
x x

ik j y ik j yik i x ik i xi n t i n t

x xik ika
x x

a x
x x

V e e e V e e e

P e e e P e e e

V V e e P

k xV V P

ω ω

ω ωθ

θ

θ

′′ ′′Δ Δ′′ ′′+ Δ + Δ− Δ − Δ

′′ ′′Δ Δ′′ + Δ ′′ Δ− Δ − Δ

Δ Δ′′ ′′−

=

+ +

↔ − − + =

′′Δ↔ − − 0=

  

0 0 0sin 0a
x x xV V C Pθ↔ − − =  (2.7.53) 

(2.7.45) (2.7.47) (2.7.48) (2.7.52) (2.7.53)

 

0

0

0

0

0

0 0 0 0
0 0 0

0 0 0 0
1 1 sin 0 0 0

sin 0 1 1 0 0

a y
a

x a y

xx
a

xx

yx

Pr S
PS r S
VS
VC
VC

θ
θ

− Λ
Λ − −

− Λ =
−

−

 (2.7.54) 

P0 P0a Vx0 Vx0a Vy0 0 (2.7.54) A

A 0  
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11 12 13 14 15

11 15

0 0 0
0 0

0 0 0
1 1 sin 0 0

sin 0 1 1 0
0 0 0

a y

x a y

x

x

x

a y

a y

r S
S r S

S
C

C
r S

r S

θ
θ

− Λ
Λ − −

= − Λ
−

−
= − ⋅ − ⋅ + ⋅ − ⋅ + Λ ⋅

= − ⋅ + Λ ⋅

A

A A A A A
A A

 

 

0 00
0 00 0 0

1 1 sin 01 sin 0 0
sin 0 1 10 1 1 0

xx a y

x
a y

xx

x

SS r S
S

r S
CC

C
θθ

θ

Λ −Λ − −
− ΛΛ

= − ⋅ + Λ ⋅
−

−−

 (2.7.55) 

0
0 0 0
1 sin 0 0
0 1 1 0

x a y

x

S r S

C θ

Λ − −
Λ

=

−

B

0 0
0 0

1 1 sin 0
sin 0 1 1

x

x

x

x

S
S

C
C

θ
θ

Λ −
− Λ

=
−

−

C (2.7.55)  

 

( ) ( )21 22 23 24 21 22 23 24

2
23 21 24

0 0 0 0 0
a y

a y x

a y x

r S

r S S

r S S

= − ⋅ + Λ⋅

= − − ⋅ + ⋅ − Λ⋅ + ⋅ + Λ ⋅ + ⋅ − ⋅ + Λ⋅

= Λ ⋅ + Λ ⋅ + Λ ⋅

A B C
B B B B C C C C

B C C
  

2

0 0
1 sin 0 1 sin 0 1 1 sin
0 1 0 0 1 1 sin 0 1

x a y x x

y x x x x

x

a

S r S S S
S C S C C

C
r θ θ θ

θ

Λ − − Λ − Λ −

Λ ⋅ + Λ ⋅ + Λ ⋅ −

− − −

=  (2.7.56) 

1 sin 0
0 1 0

x a y

x

S r S
C θ

Λ − −
=

−
D

0
1 sin 0
0 1 1

x

x

S
C θ

Λ −
=

−
E

0
1 1 sin

sin 0 1

x

x

x

S
C

C
θ

θ

Λ −
= −

−
F  

(2.7.56)  
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( ) ( )
( )

2

31 32 33 31 32 33

2
31 32 33

2 2
32 32 33 31 33

2 2

0 1 0 0 1 1

sin 0 1

sin

0
1 sin1 0 1 0

0
sin

1 sin

a y x

a y x

x

a y x x x

xy
a y x x

x

x
x

x

r S S

r S S

C

r S S S C

SaS
r S S S

C

S
C

C

θ
θ

θ

θ
θ

= Λ ⋅ + Λ ⋅ + Λ ⋅

= Λ ⋅ + ⋅ + ⋅ + Λ ⋅ + ⋅ + ⋅

+Λ ⋅ − ⋅ − ⋅

= Λ ⋅ + Λ ⋅ + Λ ⋅ + Λ ⋅ − Λ ⋅

Λ −Λ − Λ
= Λ ⋅ + Λ ⋅ + Λ ⋅

Λ −
+Λ ⋅ − Λ ⋅

A D E F
D D D E E E

F F F
D E E F F

( ){ } ( ) ( ){ }
( ){ } ( ){ }2 2

2 2 2 2 3 2 2 2 3

1 1

0 1 0 0 1 sin 1

sin sin 1 0 1 1

sin sin sin

a y y x x x x

x x x

y x x x x x x

r S aS S S C S

C C S

a S C S S C C S

θ

θ θ

θ θ θ

Λ
−

= Λ Λ ⋅ − − ⋅ + Λ Λ ⋅ − ⋅ + Λ Λ ⋅ − − ⋅

+Λ Λ ⋅ − − ⋅ − Λ ⋅ − Λ ⋅ −

= Λ + Λ + Λ + Λ + Λ − Λ

 
 

( ) ( ){ }2 2 2 2 2 21 sin 2 sinx x x x a yC C S S r Sθ θ= −Λ − ⋅Λ − ⋅Λ − +  (2.7.57) 

0 (2.7.57)  

( ) ( )2 2 2 2 2 21 sin 2 sin 0x x x x a yC C S S r Sθ θ− ⋅Λ − ⋅Λ − + =  (2.7.58) 

 

( ) ( )( )
( )

( )
( )

2 2 2 2 2 2

2 2

2 2 2 2 2 2 2 2 2 2 2 2 2

2 2

2 sin 2 sin 4 1 sin

2 1 sin

2 sin 4 sin 4 sin sin

2 1 sin

x x x x x x a y

x

x x x x x a y x x a x y

x

C S C S C S r S

C

C S C S S r S C S r C S

C

θ θ θ

θ

θ θ θ θ

θ

± − + − +
Λ =

−

± + + − −
=

−

  

( )2 2 2 2 2

2 2

sin 1 sin

1 sin
x x x a y x

x

C S S r S C

C

θ θ
θ

± + −
=

−
 (2.7.59) 

sin
2x

tT ωΔΛ = 1xTΛ ≤ t>0 x>0 c>0 Tx >0  

max

max

max

1

1

1

x

x

T

T

tc
x

Λ ⋅ ≤

↔ ≤
Λ

Δ↔ ≤
Δ Λ
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max

1xt
c

Δ↔ Δ ≤
Λ

 (2.7.60) 

t  

t max
Λ 2.7.2 sin cos  

 [rad]

=0 2.7.2 (a) sin = /2 =3 /2

2.7.2 (b) cos =0 =  

 

 
2.7.2 sin cos  

 

k x k y k x k y

 

2sin sinx
fk

c c
ω πα α′′ = =  (2.7.61) 

2cos cosy
fk

c c
ω πα α′′ = =  (2.7.62) 

2.7.3 (2.7.61) (2.7.62) k x k y f 2.7.3 (a)

k x = /2 =3 /2 =0 sin =0

0 2.7.4 (b) k y =0 = = /2

3 /2 cos =0 0  
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2.7.3 k x k y 

 

Sx Sy Cx x= y= h Sx Sy Cx sin

cos  

( ) sinsin sinsin sin sin sin
2 2 2

x
x

hk hk x f hcS
c

ω αα α π
Δ′′ Δ′′Δ Δ= = = =  (2.7.63) 

( ) coscos cossin sin sin sin
2 2 2

y
y

hk y k h f hcS
c

ω αα α π
Δ′′ ′′Δ Δ Δ= = = =  (2.7.64) 

( ) sinsin sincos cos cos cos
2 2 2

x
x

hk hk x f hcC
c

ω αα α π
Δ′′ Δ′′Δ Δ= = = =  (2.7.65) 

c=f (2.7.63) (2.7.65)  

sin
sinsin sin sin sinx

cf h
f h hfS

c c

α
α λπ π α π

λ

Δ
Δ Δ= = =  

(2.7.66) 

cos
cossin sin sin cosy

cf h
f h hfS

c c

α
α λπ π α π

λ

Δ
Δ Δ= = =  

(2.7.67) 

sin
sincos cos cos sinx

cf h
f h hfC

c c

α
α λπ π α π

λ

Δ
Δ Δ= = =  

(2.7.68) 

(2.7.66) (2.7.68) Sx Sy Cx 2.7.4

h/ =1/20 1/10 1/5 1/2 1 Sx Sy Cx 2.7.4 (a) Sx

h/ 1/2 = /2 =3 /2 h/ =1  
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h/ =0 sin =0 0

2.7.4 (b) Sy h/ 1/2 =0 =

h/ =1 h/ = /2 3 /2 cos =0 0

h/ 1/2 2.7.3 k x k y 2.7.4 

(c) Cx h/ =0 sin =0 1 = /2 3 /2

 

 

 
2.7.4 h/  

 

x= y= h ra=1 ( )2 2 2 21 sin 0x y xS S C θ+ − >  

(2.7.59)  

( )2 2 2 2

2 2

sin 1 sin

1 sin
x x x y x

x

C S S S C

C

θ θ
θ

+
+ + −

Λ =
−

 (2.7.69) 

( )2 2 2 2

2 2

sin 1 sin

1 sin
x x x y x

x

C S S S C

C

θ θ
θ

−
− + −

Λ =
−

 (2.7.70) 

(2.7.60) (2.7.69) (2.7.70) + – =0  

(2.7.69) (2.7.70) 2 2
x yS S+Λ = + 2 2

x yS S−Λ = − + h/ =1/20  
+ – 2.7.5 (a) (b) + – 2.7.5 (c)

= /4 3 /4 5 /4 7 /4 =0 /2 3 /2 h/ =1/10

1/5 1/2 1 + – 2.7.6 h/  

Λ h/ Λ = /4 3 /4 5 /4 7 /4 =0 /2 3 /2 
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2.7.5 =0  

 

 
2.7.6 =0 h/ Λ  

 

max
Λ = /4 3 /4 5 /4 7 /4

(2.7.65) (2.7.66) Λ  
2 2

2 2

2 2

sin sin
2 2
sin cossin sin

2 2

x y

yx

S S

k hk h

k h k hα α

Λ = +

′′Δ′′Δ↔ Λ = +

′′ ′′Δ Δ↔ Λ = +

  

2 sin
2 2
k h′′Δ↔ Λ =  (2.7.71) 
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sin 1
2 2
k h′′Δ ≤ max

Λ  

max
2Λ =  (2.7.72) 

(2.7.72) (2.7.60) x= y= h =0
 

2
ht
c

ΔΔ ≤  (2.7.73) 

(2.4.12) (2.7.73) =0
 

2.7.7 (a) (d) (g) h/ =1/20
= /6 /4 /3 (2.7.69) + 2.7.7 (b) (e) (h) (2.7.70)

2.7.7 (c) (f) (i) =0  
+ – y = /2

+Λ =3 /2 −Λ 2.7.8 h/ =1/10 1/5 1/2 1 = /6

/4 /3 Λ y h/ >1/5

h/ 1/10 = /2 +Λ =3 /2

 

  

max
Λ

max
Λ

max
Λ
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2.7.7  
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2.7.8 Λ  
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max
Λ h/ 1/10 = /2 +

= /2 +
max

Λ (2.7.63) (2.7.65) (2.7.69)  

2 2 2 2

max
2 2

max
2 2

cos sin sin sin sin 0 1 cos sin
2 2 2 2

1 cos sin
2

cos sin sin sin
2 2 2

1 cos sin
2

k h k h k h k h

k h

k h k h k h

k h

θ θ

θ

θ

θ

′′ ′′ ′′ ′′Δ Δ Δ Δ+ + −
Λ = ′′Δ−

′′ ′′ ′′Δ Δ Δ+
↔ Λ = ′′Δ−

  

max
2 2

sin cos sin 1
2 2

1 cos sin
2

k h k h

k h

θ

θ

′′ ′′Δ Δ +
↔ Λ = ′′Δ−

 (2.7.74) 

2.7.9 = /6 /4 /3 0 k h/2 2 (2.7.74) max
Λ  

k h/2 2.7.9 + = /6 k h= /3 = /4 k h= /4
= /3 k h= /6 0< < /2  

k h= /2– max
Λ  

( )

( )

max
2 2

2 2max

2

4max

2max

sin cos sin 1
2 2

1 cos sin
2

cos sin sin 1
1 sin sin

cos sin 1
1 sin

cos
1 sin

π πθ θ θ

π θ θ

θ θ θ
θ θ

θ θ
θ

θ
θ

− − +
Λ =

− −

⋅ +
↔ Λ =

− ⋅
+

↔ Λ =
−

↔ Λ =
−

  

max

1
cosθ

↔ Λ =  (2.7.75) 

x= y= h (2.7.75) (2.7.60) 0< < /2
 

cosht
c

θΔΔ ≤  (2.7.76) 
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2.7.9 = /2 k h + k h/2  

 

x= y= h=5.0×10–2 [m] t

2.7.3 (2.7.73) (2.7.76) 2.7.3 t

 

 

2.7.3  

 [rad] 0 /6 /4 /3 
t [s] (2.7.3 ) 1.0×10–4 5.0×10–5 3.0×10–5 1.0×10–5 
t [s] (2.7.4 ) 1.0×10–4 1.0×10–4 1.0×10–4 7.0×10–5 

 

2.7.3  
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2.7.4

2.7.4
i te ωζ −=  

( ) 0, yx ik j yik i xn nP i j Pe e ζ′′ Δ′′ Δ=  (2.7.77) 

( ) 0,
n yx ik j yik i xa a nP i j P e e ζ′′ Δ′′ Δ=  (2.7.78) 

( ) ( )0.5
00.5, yx ik j yik i xn n

x xV i j V e e ζ′′ Δ′′ + Δ+ =  (2.7.79) 

( ) ( )0.5
00.5,

n yx ik j yik i xa a n
x xV i j V e e ζ′′ Δ′′ + Δ+ =  (2.7.80) 

( ) ( )0.5
0, 0.5 yx ik j yik i xn n

y yV i j V e e ζ′′ + Δ′′ Δ+ =  (2.7.81) 

(2.7.77) (2.7.81) (2.7.32)  
( ) ( ) ( ) ( )

( ){ }
0.5 0.50.5 0.5

0 0

1
0 0

y yx x

y yx x

ik j y ik j yn nik i x ik i x
y y

ik j y ik j yik i x ik i xn n

V e e V e e

tc P e e P e e
y

ζ ζ

ζ ζ

′′ ′′+ Δ + Δ+ −′′ ′′Δ Δ

′′ ′′+ Δ Δ′′ ′′Δ Δ

=

Δ− −
Δ

  

1 1
2 2 2 2

0 0 0 0
y y

y yik ik

y y
tV V c P e P e
y

ζ ζ
Δ Δ′′ ′′− −Δ↔ = − −

Δ
  

1 1
2 2 2 2

0 0 0y y
y yik ik

y
tV c e e P
y

ζ ζ
Δ Δ′′ ′′− −Δ↔ − − − =

Δ
  

1 1
2 2

0 02 sin 0
2

y
y a x

k y
V r T i Pζ ζ

− ′′Δ
↔ − − =   

1 1
2 2

0 02 0y a x yV i r T S Pζ ζ
−

↔ − − =  (2.7.82) 

1 1
2 2ζ ζ

−
Ζ = − (2.7.82)  

0 02 0y a x yV i r T S PΖ − =  (2.7.83) 

 

0 0 02 2 0a
x x x a x y yP i T S V i r T S VΖ − − =  (2.7.84) 

0 02 0a
x x xV i T S PΖ − =  (2.7.85) 

0 0 0sin 0a
x xP P C Vθ− − =  (2.7.86) 

0 0 0sin 0a
x x xV V C Pθ− − =  (2.7.87) 
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(2.7.83) (2.7.87)  

0

0

0

0

0

2 0 0 0 0
0 2 0 2 0

2 0 0 0 0
1 1 sin 0 0 0

sin 0 1 1 0 0

a x y
a

x x a x y

xx x
a

xx

yx

Pi r T S
Pi T S i r T S
Vi T S
VC
VC

θ
θ

− Ζ
Ζ − −

− Ζ =
−

−

 (2.7.88) 

P0 P0a Vx0 Vx0a Vy0 0 (2.7.88) A
′A 0  

2 2

2 0 0 0
0 2 0 2

2 0 0 0
1 1 sin 0 0

sin 0 1 1 0

0 2 02 0 2
2 0 00 0 0

2
1 1 sin 01 sin 0 0

sin 0 1 10 1 1 0

2
x x a x

a x y

x x a x y

x x

x

x

x xx x a x y

x x
a x y

xx

x

a x y

i T S i r T

i r T S
i T S i r T S

i T S
C

C

i T Si T S i r T S
i T S

i r T S
CC

C

i r T S

θ
θ

θθ
θ

Ζ − −

⋅

− Ζ
Ζ − −

′ = − Ζ
−

−

Ζ −Ζ − −
− ΖΖ

= − ⋅ + Ζ⋅
−

−−

= Ζ

A

2

2 2

2 2 2 2

2 0
1 sin 0 1 sin 0
0 1 0 0 1 1

0 2
1 1 sin

sin 0 1

2

22 0
2 2 2

1 sin1 0 1 0

2 0
sin

1 sin 1 1

4 2 sin 4

y x x

x x

x x

x

x

x x

x xa x y
a x y x x x x

x

x x
x

x

a x y x x x

S i T S
C C

i T S
C

C

i T S

i T Si r T S
i r T S i T S i T S

C

i T S
C

C

r T S i T C S

θ θ

θ
θ

θ

θ
θ

θ

Ζ −

⋅

− −

Ζ −

+ ⋅ −

−

+ Ζ

Ζ

Ζ −Ζ − Ζ
= Ζ ⋅ + Ζ ⋅ + Ζ ⋅

Ζ − Ζ
+Ζ ⋅ − Ζ ⋅

−

= − Ζ + Ζ − Ζ 2 2 3 2 2

2 3

sin

2 sin
x x x

x x x

T S C

i T C S

θ

θ

+ Ζ

+ Ζ − Ζ

 

 

( ) ( ){ }2 2 2 2 2 2 21 sin 4 sin 4x x x x x x a yC i T C S T S r Sθ θ= −Ζ − ⋅ Ζ − ⋅ Ζ + +  (2.7.89) 

0 (2.7.89)  
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( ) ( )2 2 2 2 2 2 21 sin 4 sin 4 0x x x x x x a yC i T C S T S r Sθ θ− ⋅Ζ − ⋅Ζ + + =  (2.7.90) 

(2.7.90) D  

( ) ( ) ( )
( )

( ){ }

2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2

4 sin 4 1 sin 4

16 sin sin sin

16 1 sin

x x x x x x a y

x x x x a y x x a x y

x x a y x

D i T C S C T S r S

D T C S S r S C S r C S

D T S r S C

θ θ

θ θ θ

θ

= − − +

↔ = − − − + +

↔ = − − −

 (2.7.91) 

Cx 1 sin 1 Cx2sin2 1 D<0 (2.7.91)  

( )
( )

2 2 2 2 2

2 2

4 sin 4 1 sin

2 1 sin
x x x x x a y x

x

i T C S i T S r S C

C

θ θ

θ

± + −
Ζ =

−
  

( ){ }2 2 2 2 2

2 2

2 sin 1 sin

1 sin

x x x x a y x

x

i T C S S r S C

C

θ θ

θ

± + −
↔ Ζ =

−
 (2.7.92) 

(2.7.92)
1 1
2 2ζ ζ

−
Ζ = − (2.7.59)  

1 1
2 2 2 xi Tζ ζ

−
− = Λ  (2.7.93) 

(2.7.93) (2.7.93)  
1 2 22 4 xTζ ζ− − + = − Λ   

2 2 21 2 4 xTζ ζ ζ↔ − + = − Λ  (2.7.94) 
2 21 2 xA T= − Λ (2.7.94)  

2 2 1 0Aζ ζ− + =  (2.7.95) 

Tx2>0 2>0 A 1 (2.7.95) 2  
22 4 4

2
A Aζ ± −=   

( )2 1 1A A Aζ↔ = ± − < −  (2.7.96) 

  
22 4 4

2
A i Aζ ± − +=   

( )21 1 1A i A Aζ↔ = ± − − ≤ ≤  (2.7.97) 

(2.7.96) (2.7.97) 2 2

+ y – y  

1 (2.7.96) (2.7.97)  
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1ζ ≤ (2.7.96) A 2 1A Aζ = − − 1ζ ≤

A 2 1A Aζ = ± − A<–1  

(2.7.97)  

( ) ( )22 21 1A Aζ = + − =  (2.7.98) 

(2.7.98) 1ζ ≤ (2.7.97) –1 A 1 Tx  

 
2 2

2 2

2 2

1 1 2 1

2 2 0

0 1

x

x

x

T

T

T

− ≤ − Λ ≤

↔ − ≤ − Λ ≤

↔ ≤ Λ ≤
  

2
2

10 xT↔ ≤ ≤
Λ

 (2.7.99) 

Tx >0 x= y= h (2.7.99)  

max

max

10

10

xT

tc
h

≤ ≤
Λ

Δ↔ ≤ ≤
Δ Λ

  

max

10 ht
c

Δ↔ ≤ Δ ≤
Λ

 (2.7.100) 

(2.7.100) (2.7.60) x= y= h=5.0×10–2 [m]
t 2.7.4 (2.7.100)

2.7.3 2.7.4 t  

 

2.7.4  

 [rad] 0 /6 /4 /3 
t [s] (2.7.3 ) 1.0×10–4 5.0×10–5 3.0×10–5 1.0×10–5 

t [s] (2.7.4 2.7.5 ) 1.0×10–4 1.0×10–4 1.0×10–4 7.0×10–5 
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n 1

1 t
 

(2.7.98) 1ζ = n 1
A± (2.7.69) +

(2.7.70) –  

( )221 2 xA T+ += − Λ  (2.7.101) 

( )221 2 xA T− −= − Λ  (2.7.102) 

(2.7.97) A± ζ ±  

( )2

1
1

tan
A

A
ζ

+
+ −

+

± −
∠ =   

( )2

1
1

tan
A

A
ζ

+
+ −

+

−
↔ ∠ = ±  (2.7.103) 

( )2

1
1

tan
A

A
ζ

−
− −

−

± −
∠ =   

( )2

1
1

tan
A

A
ζ

−
− −

−

−
↔ ∠ = ±  (2.7.104) 

±  

t
t

ζ ωε
ω

+
+ ∠ Δ=

± Δ
  

( )2

1
1

tan
A

t
A

t

ω
ε

ω

+
−

+
+

−
± Δ

↔ =
± Δ

( ) 
(2.7.105) 

t
t

ζ ωε
ω

−
− ∠ Δ=

± Δ
  

( )2

1
1

tan
A

t
A

t

ω
ε

ω

−
−

−
−

−
± Δ

↔ =
± Δ

( ) 
(2.7.106) 

± t h k
k h  
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2 2f hk h h
c
π π

λ
Δ′′Δ = Δ =  (2.7.107) 

f  

2.7.10 2.7.11 (2.7.105) (2.7.106) =0 /6 /4 /3 [rad]

 [%] =3 /2 /2 /4 [rad] = /2
3 /2 h/

h
x= y= h =5.0×10–2 [m] t 2.7.5

Courant 2.7.5  

 

2.7.5 Courant  

 [rad] 0 /6 /4 /3 

t [s] 1.0×10–4 1.0×10–4 1.0×10–4 7.0×10–5 
Tx [-] 0.680 0.680 0.680 0.476 

 

=0 (2.7.63) (2.7.64) (2.7.69) (2.7.70) (2.7.101) (2.7.102) A+ A–

 

( )2
2 2 2

2
2 2

1 2

sin cos1 2 sin sin
2 2

x x yA T S S

t k h k hA c
h

α α

+

+

= − +

′′ ′′Δ Δ Δ↔ = − +
Δ

 (2.7.108) 

( )2
2 2 2

2
2 2

1 2

sin cos1 2 sin sin
2 2

x x yA T S S

t k h k hA c
h

α α

−

−

= − − +

′′ ′′Δ Δ Δ↔ = − +
Δ

 (2.7.109) 

(2.7.108) (2.7.109) (2.4.16) A0 2.7.10 (a) 2.7.11 (a) 2.4.1 

(b) =0 h/

x y =– /4 /4 =3 /2
0 /2  

0< < /2 2.7.10 2.7.11

(2.7.101) (2.7.102) A+ A– –1
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2.7.8 (c) = /4 = /4 h/ =0.3
(2.7.69) + +=1.660 (2.7.74)  

= /2 max
Λ =1.414 + t  

Courant  

1ht
c +

Δ′Δ ≤
Λ

 (2.7.110) 

x
tT c
x
′Δ′ =

Δ
 (2.7.111) 

(2.7.110) t =8.857×10–5 Tx =0.602 2.7.5 t=1.0×10–4 Tx=0.680
h/ =1/20=0.05  

h/ =0.05 max
Λ = /2 h/ =0.3 max

Λ  

= /2 Courant (2.7.101) A+

1A+ < − (2.7.103) ζ +∠ (2.7.105) +

 

2.7.10 0< < /2 h/
=0

1/10

0 /2 – /4
– /2 2.7.11 - 2.7.10 + =0

(2.7.105) (2.7.106)

 



101 
 

 

2.7.10 + 
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2.7.11 –
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2.7.12 2.7.13 = /6 /4 /3 Courant

2.7.3 t

t Tx 2.7.6 Tx h/

t 1/10 Courant

2.7.10 2.7.11

t

(2.7.100) t

 

 

2.7.6 Courant  

 [rad] /6 /4 /3 

t [s] 5.0×10–5 3.0×10–5 1.0×10–5 

Tx [-] 0.340 0.204 0.068 

 

 

2.7.12 Courant + 
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2.7.13 Courant –

 

2.7.14 c h/ =0.05 c 2.7.14(a) (b)

2.7.5 2.7.14(c) (d) 2.7.6 t Tx c /c

c /c (2.7.105) (2.7.106) + –  

1c
c

ε
+

+′′
= +  (2.7.112) 

( )1c
c

ε
−

−′′
= − −  (2.7.113) 

=0 2.4.2

c +/c c –/c 0< < /2 0

c +/c c –/c y Courant

2  
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2.7.14 c c
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2.7.6

2.7.1

 

2.7.15

20 m×20 m

5 m×5 m

=0 /6 /4 /3 [rad]

2.7.6

2.7.7

2.6.5 2.6.7 (2.6.12)

2.7.15  

=0 2 1 0< < /2

2.7.4 2.7.6 2

 

 

 
   

(a) =0 (b) = /6 (c) = /4 (d) = /3 

2.7.15  

 

2.7.7  

 [rad] 0 /6 /4 /3 

t [s] 1.0×10–4 5.0×10–5 3.0×10–5 1.0×10–5 
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1

 

xy 2.7.16 (a) (2.7.29) c +

t x

2.7.16 (a)

2.7.16 (b) c +

t 2.7.16 (c)

2.7.16 (c)

2.7.16 (d) 2.7.16 (e)

 

 

 

2.7.16  

 

2.7.17
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2.7.17  

 

2.7.16 2.7.17 2.7.18 t

c + t

2.7.7 1.0×10–4 s c +

0.5 m×0.5 m =0

0< < /2 2.7.1 0

=3 /2

= /2 /18

36

=3 /2

2.7.18 2.7.15 5 m×5 m

=– /2 2.7.19

c – 2.7.18 y

2.7.15 2.7.18 c + =3 /2

2.7.19 c – = /2

2.7.15 2.7.18 c + = /2

2.7.19 c – =3 /2  

2.7.18 2.7.19 2.7.15

2.7.16  
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2.7.18 c +  

 

 

2.7.19 c –  

 



110 
 

2.7.16

2.7.16 2.7.17

 

xy 2.7.20 (a) (2.7.29) c +

0 t 2.7.20 (b)

t

2.7.20 (b)

2.7.20 (c)

2.7.20 (c)

2.7.20 (c) 2.7.20 (c)

(2.7.29) c + t

2.7.20 (e)

 

 

 

2.7.20  



111 
 

2.7.20 2.7.21 c + t

/18 36 t 2.7.7

1.0×10–4 s 0.5 m×0.5 m

=0 2.7.18

0< < /2 0

2.7.15

2.7.18 =3 /2

= /2 2.7.15 2.7.21

2.7.22 c –

2.7.21 y
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2.7.21 c +  

 

 

2.7.22 c –  
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2.8.1 = /4

2.2.1 (2.2.4) (2.2.8) 2.5.2 (2.5.19)

(2.5.21) (2.5.23) (2.5.26) (2.5.29) 5 7

2.3.1 2.3.2

xmax=ymax=2000 [m] 2.6.1 xmax0=ymax0=5.0 [m]

x= y=5.0×10–2 [m]

x y 64 [ ] y 64 [ ]

1.61×109 1.64×104 2.8.1

69.0 [GB] 4.94 [MB]

 

2.3.2 tmax=2.82 

[s] 2.6.2 tmax=1.0 [s]

2.4.1 (2.4.12) t=1.0×10–4 [s] 2.7.3 (2.7.31)

t=3.0×10–5 [s]

2.82×104 3.33×104

1.15×107 [s] 5.52×102 [s]

1/20000
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2.8.1  

 Number of 
variables xmax=ymax [m] Total number 

of cells 
Required 
memory 

Usual Field 5 2000 1.61×109 69.0 [GB] 
Mapped Field 7 5.0 1.64×104 4.94 [MB] 

 tmax [s] t [s] Number of 
timesteps 

Simulation 
time [s] 

Usual Field 2.82 1.0×10–4 2.82×104 1.15×107 
Mapped Field 1.00 3.0×10–5 3.33×104 5.52×102 
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2.8.1 2.6.2

2.3.4

fmax=340 [Hz]

fmax=340 fmax=500 4k

tmax=1.0 [s] f =1.0 [Hz]

2.8.2 t 2.7.3

(2.7.31)

2.8.3 C t0

xmax0 =5 [m] ymax0=7 [m] 2.2.4

PML 100

ymax0

fmax 500 fmax=340

100 fmax=340 x 100  

 

2.8.2  

fmax [Hz] 340 500 1k 2k 4k 

x= y [m] 5.0×10–2 3.4×10–2 1.7×10–2 8.5×10–3 4.25×10–3 

t [s] 

=0 1.0×10–4 7.0×10–5 3.0×10–5 1.0×10–5 8.0×10–6 

= /6 5.0×10–5 3.0×10–5 1.0×10–5 8.0×10–6 4.0×10–6 

= /4 3.0×10–5 2.0×10–5 1.0×10–5 5.0×10–6 2.0×10–6 

= /3 1.0×10–5 9.0×10–6 5.0×10–6 2.0×10–6 1.0×10–6 
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2.8.3  

fmax [Hz] 340 500 1k 2k 4k 

m [m3/s] 1.0 1.0 1.0 1.0 1.0 

C [-] 2.0×106 2.0×106 8.0×106 4.0×107 1.5×108 

t0 [s] 3.0×10–3 3.0×10–3 1.3×10–3 6.0×10–4 3.0×10–4 
 

2.8.1 2.8.3 a=0.5 2.5 4.5 [m]

=0 /6 /4 /3 [rad] x y t

500 1k Hz fmax=500

fmax xmax0 ymax0

fmax=340

2 kHz

2 dB

2.8.3 (a) fmax=2k 4k

ymax0 PML

PML

FDTD
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2.8.1 a=0.5  
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2.8.2 a=2.5  
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2.8.3 a=4.5  
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2.7 2

2.7

2.7.1 PML PML

PML

 

2.6 2.8.1 PML 2.2.4 (2.2.23) max=0.280

PML N=32 [ ] =4 (2.2.23)

 

2.8.4 2 2.8.4 (a) PML

x= y=5.0×10–2 [m]

t=1.0×10–4 [s] x 1

x xmax0= x=0.05 m y ymax0=5 m

2.8.4 (b)

y

ymax0=40 m y =0 /6 /4 /3 

[rad] fmax=340

m=1.0 [m2/s] C=2.0×106

t=3.0×10–3 [s] 2.8.4 (a)

3 max [-]  
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2.8.4  

 

2.8.5 2.8.6

2.8.5

3 max

2.8.4

max=0.280 max

 

 

2.8.4  

 [rad] 0 /6 /4 /3 

max [-] 0.225 0.128 0.0923 0.0424 
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2.8.5  
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2.8.6  
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2.8.7 PML

PML

PML

max=0.280 PML

 

 

 

2.8.7  
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PML 2.8.5 PML

pdmax prmax

prmax/pdmax PML  

 

2.8.5  

 [rad] 0 /6 /4 /3 

pdmax [Pa] 7.40×10–1 1.71×100 3.48×100 1.47×101 

max=0.280 
prmax [Pa] 6.47×10–4 2.32×10–3 6.65×10–3 5.30×10–2 

prmax/pdmax [-] 8.75×10–4 1.36×10–3 1.91×10–3 3.60×10–3 

max  
prmax [Pa] 5.70×10–4 1.49×10–3 3.58×10–3 1.97×10–2 

prmax/pdmax [-] 7.71×10–4 8.69×10–4 1.03×10–3 1.33×10–3 

 

2.8.8 PML a=0.5 2.5 4.5 [m]

=0 /6 /4 /3 [rad]

PML
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2.8.8 PML  
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2.8.3 (a) fmax=2k 4k [Hz] PML

2.8.9 PML a=4.5 [m]

=0 [rad] PML

PML

PML

 

 

 

2.8.9 PML a=4.5  
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2 2 1

FDTD 2 1

1  

FDTD

FDTD

 

 

2  

FDTD 1

2   
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